Black hole entropy is a robust prediction of quantum gravity with no observational test to date. We use the Bekenstein-Hawking entropy formula to determine the probability distribution of the spin of black holes at equilibrium in the microcanonical ensemble. We argue that this ensemble is relevant for black holes formed in the early universe and predicts the existence of a population of black holes with zero spin. Observations of such a population at LIGO, Virgo, and future gravitational wave observatories would provide the first experimental test of the statistical nature of black hole entropy.
Black hole entropy is a robust prediction of quantum gravity with no observational test to date. We use the Bekenstein-Hawking entropy formula to determine the probability distribution of the spin of black holes at equilibrium in the microcanonical ensemble. We argue that this ensemble is relevant for black holes formed in the early universe and predicts the existence of a population of black holes with zero spin. Observations of such a population at LIGO, Virgo, and future gravitational wave observatories would provide the first experimental test of the statistical nature of black hole entropy.
Black holes: simple or complex. Black holes are often considered to be the 'simplest' macroscopic gravitating objects. They are vacuum solutions of General Relativity that, at equilibrium, are fully characterized by their mass and spin [1] . In 1974, however, Hawking discovered that black holes are hot because of quantum effects neglected in Einstein's classical theory of gravity. As a result, black holes have an entropy-a distinguishing feature of complex systems like hot gases. In fact, black holes have a huge entropy, much larger than the entropy of a star of the same mass. This entropy, given by the Bekenstein-Hawking formula [2, 3] , is proportional to the area of the black hole horizon, and for a rotating black hole is given by the equation
S(M, a) =
A(M, a)
where P = G/c 3 is the Planck length, m P = c/G is the Planck mass, and
is the dimensionless spin parameter. Considerable effort has been devoted to deriving this formula from the microscopic degrees of freedom of prospective theories of quantum gravity. Despite differing approaches, the result is found to be robust: In the interaction with its surroundings, a black hole of mass M and spin a behaves as an ensemble consisting of N ∼ e S(M,a) microstates. In this letter we investigate a phenomenological implication of this prediction shared by all current approaches to quantum gravity and through it describe the first in-principle test of the Bekenstein-Hawking entropy prediction.
Black hole entropy and the spin distribution. The Bekenstein-Hawking formula shows that, at fixed mass M , black holes with larger spin have a smaller entropy. The statistical mechanical interpretation of this formula implies that-at fixed mass-there are fewer microstates FIG. 1. Probability distribution of spins a for black holes of mass M = 2 mP , 5 mP , 10 mP , 20 mP in the microcanonical ensemble. At large mass, the average spin is small: a = 2mP /πM . The inset contrasts two alternate distributions, the uniform in a distribution often adopted in the literature and one that is uniform in spin directions a, which gives an a 2 measure factor. All distributions are normalized to unit probability.
with large spin than with small spin [4] . As a result, in the statistical ensemble where only the energy of the system is held fixed, the probability of finding spin a is given by the fraction
where the numerator counts the number N of microstates at fixed mass and spin, while the denominator is the total number of microstates with fixed mass M . A formal derivation of this probability distribution for the black hole microcanonical ensemble is provided below, together with a discussion of mechanisms of microcanonical equilibration. Fig. 1 cording to the microcanonical ensemble, the BekensteinHawking formula implies that, for large mass M m P , the average spin is small: a ≈ 2m P /πM 1. For a solar-mass black hole, this is an angular momentum of about 4000 kg m 2 s −1 , corresponding to a dimensionless spin parameter a ≈ 10 −38 . While the spin distribution (3) is a quantum gravity prediction, populating the microcanonical ensemble does not require Planckian energy densities. The level separation between the energy microstates of a black hole is exponentially small in the entropy of the black hole, ∆E ∼ (∂S/∂M ) −1 e −S . As a result, low-energy processes can uniformly populate the black hole microstates and, if angular-momentum exchanges are efficient, microcanonical equilibrium can be reached. In this event, the entropy of the black hole is given by the BekensteinHawking formula and the probability of finding spin a by Eq. (3). This prediction of the Bekenstein-Hawking formula and the existence of black holes in microcanonical equilibrium can be tested through gravitational wave (GW) observations of black holes' spins.
Observation of black hole spins in GW events. A binary black hole merger can be modeled as a process with in and out data given by
where (M i , a i ) with i = 1, 2 is the mass and dimensionless spin of each black hole in the binary, L their initial orbital angular momentum, GW the emitted gravitational waves in the merger, and (M f , a f ) the mass and spin of the final black hole. Gravitational wave observations can be used to measure the final spin magnitude a f = | a f | ∈ [0, 1] and the orbital projection of the effective spin of the black hole binary,
a quantity conserved at the 2nd post-Newtonian order [5] . Current observations of GW events indicate that the effective spin χ eff of the few black hole binaries whose mergers have been observed so far is small and compatible with zero [6] [7] [8] [9] [10] [11] [12] [13] . Unless the spins a 1 and a 2 are antialigned or lie in the plane of the orbit, a small χ eff indicates small spin magnitudes for the progenitor black holes in the binary. This observation is to be contrasted to the measurement of black holes in X-ray binaries which are found to have high spin magnitude [14] . In Fig. 2 we report the effective initial spin χ eff -the most easily accessed spin parameter in GWs-and the final spin a f of the ten binary black hole mergers observed thus far, as reported in the GW Transient Catalog GWTC-1 [6] [7] [8] [9] [10] [11] [12] [13] .
Microcanonical ensemble and GW events. Gravitational wave observations provide a way to test the microcanonical ensemble determined by the BekensteinHawking entropy. If the progenitor black holes are in microcanonical equilibrium before forming the binary, then the spin of each black hole is distributed according to the probability distribution (3). For black holes of a solar mass or more, this implies that their spin is zero for all practical purposes and χ eff 0. This observation has an immediate consequence for the spin of the final black hole. It is known from numerical-relativity simulations that the merger of two zero-spin black holes results in a final black hole with spin a f which is largely independent from the details of the process: a fit of the numerical simulations provides a formula for the final spin [15, 16] 
expressed as a function of the fractional mass difference
, which is assumed to be small. Remarkably, for quasi-circular orbits the final spin does not depend on the initial orbital angular momentum L of the binary. This feature provides a handle to identify a population of progenitor microcanonical black holes via GW observations of merger events. In Fig. 2 (a) we present the distribution of spins predicted by the microcanonical ensemble. We denote by 1g a first generation black hole belonging to the microcanonical ensemble. Depending on the formation mechanism, hierarchical mergers are also possible [17] [18] [19] [20] and we denote by 2g the result of a 1g-1g merger, i.e., a 2nd generation black hole. Note that the spin of a 2g black hole is isotropically distributed and in general not aligned to the orbital angular momentum of any subsequent 1g-2g merger. For 1g black holes, we consider a uniform distribution of masses in [10M , 30M ], where M m P is a reference scale which drops out of the prediction of the spin. This range of masses results in a fractional mass difference δ ≤ 0.5 and, using Eq. (6), a definite range for the final spin a f . The spin and mass of the final black hole produced from the merger are computed by taking the average of estimates from various fits to numerical-relativity simulations as done for LIGO/Virgo binary black hole mergers in the second observing run [16, [21] [22] [23] . Fig. 2(a) shows a distribution of 1g-1g mergers extracted from this distribution (red dots with χ eff = 0 and a f ∈ [0.54, 0.69]). We consider also 1g-2g mergers, with the 2g black hole extracted from the previous 1g-1g mergers [19] . Fig. 2(a) shows a distribution of 1g-2g mergers (blue dots). In this case, the initial effective spin and the final spin are correlated with a f ≤ 0.69 + 0.40 χ eff .
Comparison to other spin distributions. We compare the predictions of the microcanonical ensemble to two astrophysical models of black hole spin distributions [2] [3] [4] 29] . The first model assumes black hole spins aligned to the orbital angular momentum, i.e., a 1 , a 2 , and L pointing in the same direction. Black hole binaries formed through common envelope evolution in galactic fields are [24, 25] and the error bars on their χ eff and a f values are 90% credible bounds [6] [7] [8] [9] [10] [11] [12] [13] . In panel (a) the number of dots represents only the distribution and not the relative fraction of events in 1g-1g and the rarer 1g-2g mergers.
expected to be well-described by this configuration [5] . The second model assumes an isotropic distribution of the spins a 1 and a 2 . Binaries formed in globular clusters or stellar clusters near active galactic nuclei are expected to have isotropic spins [6] . While the two models prescribe the directions of the spins, they do not constrain their magnitudes which can be assumed to be uniformly distributed. We denote by p u (a) magnitudes are reported in Fig. 2(b) and Fig. 2(c) . The Supplemental Material [32] compares the cumulative probability distributions for a f for the various models and analyses the distinguishability of a mix of populations.
There can be other mechanisms that produce small spins, e.g. spherical collapse. Here we are identifying a new mechanism, black holes formed in equilibrium. To test this prediction of the statistical nature of black holes, one would need an independent signature that excludes other formation channels. On the other hand, a nondetection of a population with zero progenitor spins will rule out or constrain black holes formed in equilibrium.
Quantum gravity and the microcanonical ensemble. The black hole spin distribution (3) applies to a black hole belonging to the microcanonical ensemble and relies on the statistical interpretation of the BekensteinHawking entropy in terms of black hole microstates. While identifying the nature of black hole microstates requires a theory of quantum gravity (see [33] [34] [35] [36] [37] for results in loop quantum gravity, [38] [39] [40] [41] [42] for results in string theory, and [43] for a discussion of other approaches), counting microstates at fixed mass M m p can be achieved via semiclassical methods [44] [45] [46] . We discuss the derivation of the counting in detail as it clarifies the nature of the microcanonical ensemble [4] . Microstates with asymptotically flat boundary conditions are simultaneous eigenstates of the Arnowitt-Deser-Misner mass and spin. They are labeled by their mass M , their spin J = j(j + 1) and by a label α that enumerates an orthonormal basis |M, j, α of the Hilbert space H M j at fixed mass and spin. In the microcanonical ensemble, the microstates of given energy M are uniformly populated resulting in a maximally-mixed state
Remarkably, the microcanonical ensemble ρ M consists of a mixture of ensembles ρ M j of fixed mass and spin, i.e.,
where
α |M, j, α M, j, α| describes the state of a rotating black hole. The probability of finding a rotating black hole of spin j in the microcanonical ensemble of energy M is therefore given by the ratio
The dimension of the Hilbert space dim H M j can be computed via semiclassical methods starting from the canonical partition function Z(β, ω) = Dg µν e −I(β,ω) , where I(β, ω) is the Euclidean gravitational action with fixed periodicity conditions [44] . In the semiclassical limit, taking into account graviton loops in 4d vacuum gravity, one finds
where S(M, a) is the Bekenstein-Hawking entropy, Eq. (1), and a j = j(j + 1) m 2 p /M 2 is the dimensionless spin. Therefore, in the limit M m P , the probability (9) reproduces the spin distribution P M (a) of Eq. (3).
We note that considering matter coupled to gravity (for instance Standard Model matter) or considering a different ensemble (for instance including the full mass range [0, M ]) only has the effect of adding a numerical contribution to the coefficient 212/45 due to gravitons in Eq. (11) . As a result, only the logarithmic correction to the Bekenstein-Hawking formula is modified and, in the limit M m P , the probability distribution P M (a) remains unchanged. One can also consider the canonical ensemble at fixed temperature T , which is technically ill-defined because of the instability associated to black holes' negative heat capacity. Nevertheless, on timescales much shorter than the black-hole evaporation time, this instability simply modifies the logarithmic corrections to the Bekenstein-Hawking formula. In this sense, for M m P , the predictions of the Bekenstein-Hawking entropy and the microcanonical spin distribution P M (a) are robust.
Mechanisms of microcanonical equilibration.
The Bekenstein-Hawking entropy formula, together with its statistical interpretation in quantum gravity, provides a definite prediction for the spin of a population of black holes distributed according to the microcanonical ensemble. This raises an important phenomenological question: when is a population of black holes well described by the microcanonical ensemble? In the familiar case of a gas in an isolated box, the microcanonical ensemble predicts correctly the statistical properties of the gas. The reason is that the dynamics of the molecular interactions is sufficiently rich to fully explore the constant energy shell in the phase space. Certainly, if the dynamics does not allow the system to fully explore the energy shell, microcanonical equilibrium cannot be reached. For instance, black holes formed by stellar collapse are not expected to be distributed according to the microcanonical ensemble. The reason is twofold: (i) the initial matter distribution already has a large initial angular momentum and therefore is far from microcanonical equilibrium, (ii) during the collapse, angular momentum is not efficiently exchanged with the surrounding environment, as it is only carried away in ejecta and GWs. Moreover, after black hole formation in a dense environment, accretion processes typically drive the spin towards large values [14] . As a result, the system cannot fully explore the energy shell and only black hole microstates with large angular momentum are populated.
On the other hand, primordial black holes formed in the early universe by density fluctuations [47, 48] are good candidates for a microcanonical population. In this case, the starting point is a homogeneous matter distribution that is already in thermal equilibrium over cosmic scales. When a density perturbation reaches the criticalcollapse threshold [49, 50] , matter within its own Hubble radius is trapped, and a black hole forms. The entropy of the trapped region is then given by the BekensteinHawking formula, and the ensemble describing the black hole is determined by the one describing the trapped matter. As matter was in thermal equilibrium, we expect that the spin of the black hole can also be predicted from thermal equilibrium arguments and therefore distributed according to Eq. (3). Under these conditions, the Bekenstein-Hawking entropy formula predicts that black holes formed in this phase have practically zero spin. Moreover, after matter is trapped within its own Hubble radius, the formed black hole remains effectively isolated. This is because the subsequent cosmic expansion leaves the black hole behind; as a consequence the black hole spin remains unchanged.
Astrophysical processes such as accretion from a companion star is not relevant for the primordial black holes considered here, as they are expected to reside in the halo of a dwarf galaxy [51] , where it is not possible for them to pair up with donor stars. Accretion of gas in the interstellar medium of the halo is highly inefficient and random, and does not lead to appreciable changes in black hole spins. Furthermore, if a binary black hole system is formed [52] , the inspiral will preserve the spin until the merger phase and therefore a spin distribution as described in Fig. 2(a) is expected. Interestingly, this possibility can be tested with the observation of GW events from primordial black hole mergers.
Current gravitational-wave observations in fact probe a mass range that roughly matches the one of black holes formed in the early universe during the QCD phase transition. During this transition the pressure dropsthus enhancing the probability of black hole formation. The typical mass of a black hole formed in this phase can be estimated by considering a uniform density of about a pion per Compton-wavelength cubed, ρ 0 ∼ (150 MeV) 4 / 3 c 5 . Such a distribution of matter is within its own Schwarzschild radius when M 0 ∼ 25 M . While this is only a crude estimate, recent studies that take into account results from lattice QCD simulations indicate that the enhanced production of primordial black holes during the QCD phase transition is within the range 0.1 − 100 M [53, 54] . Interestingly, mergers of black holes in this range are accessible via GW observations. Because the initial plasma is in thermal equilibrium, we expect primordial black holes produced in this phase to be formed in equilibrium and to have small spins. Furthermore as, after formed, they remain isolated due to cosmic expansion, we expect their spins to remain essentially unchanged until merger. Future GW observations will further constrain this scenario.
Discussion. Providing a microscopic derivation of the Bekenstein-Hawking entropy formula is often presented as a benchmark for a theory of quantum gravity [43] . In this letter, instead of focusing on its derivations, we have investigated the first in-principle phenomenological consequence of this statistical property of black holes: we have shown that, for a population of black holes in microcanonical equilibrium, the Bekenstein-Hawking formula predicts small black hole spins. Furthermore, we have described how this feature can be tested via GW observations. The prediction of small spins can provide new observational constraints on primordial black holes and their mechanism of formation [48] . Most importantly, the imminent transition from single GW measurements to population analyses may provide a new way to investigate the phenomenology of quantum gravity with LIGO, Virgo, and future GW observatories [55, 56] . In particular, the detection of a population of black holes distributed according to the microcanonical ensemble would provide the first experimental test of the BekensteinHawking entropy and the statistical mechanics of black holes.
-Supplemental MaterialQuantum gravity and black hole spin in gravitational wave observations: a test of the Bekenstein-Hawking entropy Distinguishing a microcanonical population and a mix of populations. We compare the predictions of the microcanonical ensemble discussed in [1] to two astrophysical models of black hole spin distributions [2] [3] [4] [5] [6] . The first model assumes that the black hole spins are aligned to the orbital angular momentum, i.e., a 1 , a 2 , and L pointing in the same direction. The spin magnitudes are assumed to be distributed uniformly, p We can use the statistical properties of the a f -χ eff distribution of black hole mergers discussed in [1] to distinguish a variety of binary black hole populations. We compare the a f -χ eff distribution for an all isotropic population, denoted I, (purple dots in Fig. 2(b) of [1] ), an all aligned one, denoted A, (orange dots in Fig. 2(c) of [1] ), and various mixed populations, denoted M, using the Anderson-Darling [7] and Kolmogorov-Smirnov [8, 9] tests. These tests compare two given distributions and return p-values ∈ [0, 1]. For identical distributions the p-value is 1, and as the difference between the two distributions increases the p-value falls below unity. The mixed populations we consider, M(X, Y), all consist of 90% of population X and 10% of population Y. Table S1 displays the p-value comparisons between pairs of pure and mixed populations. While it is difficult to distinguish a purely isotropic population from an isotropic population with a 10% admixture of 1g-2g mergers, see the first row of Table S1 , all other mixtures are clearly distinguishable. The improved distinguishability of the 1g-1g over the 1g-2g admixtures is due to the sharp asymmetric peak at a f 0.69 for 1g-1g mergers clearly visible in Fig. 3 of [1] .
FIG. S1. Probability distribution of final spins for the models discussed in [1] . Mergers of 1g black holes with spins distributed according to the probability distribution PM (a) of [1] result in a peak at a f 0.69. All distributions are normalized to unit probability. Inset: Cumulative probability distribution of final spins, Φ(a f ), for the same models. [1] E. Bianchi, A. Gupta, H. M. Haggard, and B. S. Sathyaprakash, "Quantum gravity and black hole spin in
